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Notice that the centralizer and normalizer are

subgroups determined by G acting on subsets of

itself by conjugation we'll come back tothis shortly

We can generalize these subgroups to arbitrary group
actions

Let G be agroup acting on a set A

Def let aeA The stabilizer of a in G is the set

Ga go.ca g.a a

Claim Ga EG

PI I a a so Gat If x y cGs Then

x
1
a x x a 1 a a so X Gs

xy a a so GateG D

EI Let G Sy Consider the action of G on 1 2.3.43

given by a a _0cal What is Gy

G consists of cycle decompositions that don't contain4



i e Gy 1 12 13 23 123 132 Note that
this is naturallyisomorphic to S3

Def The kernel of a group action is gc Gg a at a cA

Note that this is the set of all elements of g that
act as the identity on A

i e if 6g A A is defined as before as g a g a

then the kernel is the set of g s t g identity

In other words the kernel of thegroup action is equal to
the kernel of the map we defined

G SA by g te og

So the kernel of the group action is equal to thekernel
of a group homomorphism so it must be a subgroup

Just as before the action is faithful its kernel L

Conjugationasagroupaction

let G be a group let S P G thesetof all subsets of
G

let G act on 5 by conjugation That is if A cS

define



g A gag heGl h gag forsome AEA c S

Chain This is in fact a group action

PI If Aes then 1 A A

For g he G we have

gh A gh A gh gh A h g KIK ghah g somearea

g hahYg g hah g hA D

Now for any subset A E G wehave A cPCG
So Gn g l gAg A Na A That is

The normalizer of A is equal to the stabilizer of A
under the action of conjugation

We can also act on individual elements by conjugation

Chaim G acts on itself by g a gag
1

If 1 a a and if g hcG

gh ae gh a gh ghah g g h.a g g h.al.D

Note that the kernel of this action is exactly



g cG gag t.at a cG Z G

Moreover for anysubset A EG Na A acts on A
by conjugation by construction

Then the kernel of this action is

g cNaca gag a Fae A Na A n ca A

But Ca A ENa A so

The kernel of the action of Na A on A by conjugation is
equal to Cg A


